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STUDIES

The characterization in the frequency domain of the continuous
linear systems, invariable in time, with the index functions of
exponential-polynomial type

(Caracterizarea in domeniul frecven ei a sistemelor liniare
continue, invariante In timp, cu functii indiciale de tip exponen-
tial-polinomial)

A
by V. CIRTOAJE
The Institute of Petroleum and Gas, Ploiesti

The paper substantiates independently, but nevertheless sug-
gests the probability of applying the operational calculus (Fourier
transform), the correlations present between the frequency domain
and the time domain in a certain group of continuous linear
systems and invariable in time.

Due to the polynomial composition, the group of functions of
the exponential-polynomial type considered in the present paper
does not accept Fourier transform. Nevertheless, the characteri-
zation in the frequency domain of the systems with index functions
of the exponential-polynomial type could be made through an ade-
quate definition of the frequency functions, based on the response
in the permanent conditions of the system at the sinusoidal entry.

It is presented the methodology of determining experimentally
the frequency functions, their main properties, the relations of
obtaining the index function from the frequency functions, and an
important theorem which expresses the necessary and sufficient
conditions which have to be satisfied by the frequency functions
in order to correspond to some systems with an index function of
exponential-polynomial type.

In conclusion, systems in series connection and with reaction
are presented.

1. Relations of convolution entry-exit

For a linear system with an entry x, exit y and index function
a(t) integrable (in Riemann sense) on (0,'), situated up to the
moment t-0 in a stationary regime, characterized by x(t) - y(t) -
-0, for t< 0, we can calculate the exit signal y(t) for any entry
signal x(t), differentiable on (0,t], with x(O) - 1/2 x(O +) and
with the differentiable x'(t) integrable on [0,t], with the rela-
tion *)
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a(O)X(g+), + t = 0,

a(~~ + (*-6)x'(O)dO, t>O. (.

Starting from the definition of the index function, as a res-
ponse to the system present in initial null conditions, when at
the moment t=O it is applied at the entry a signal of unitary type:

0 , 1<0,
l ) --- , t = O,

1 >0,

the relation (1) is easily deduced based on the properties of
superposition of the linear systems (fig. 1):

Y() = a(t.s(o +) + lir j a(t - kA) (.,(kA) - I( -

,,A-#

Fig. 1. - The entry signal appro-
ximated by step type signals,
spaced in time.

By changing the integral variable, relation (1) is brought to
the form:

+) + o a(e)z(t -0)dO, t >0. (11)

(from page 1) In the whole paper all the integrals will be taken
to accept the following:

Sf(zlds lt" C z)dz tr(")d2.
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It can be easily proven that when x(t) is not differentiable

on (O,t], but there is a division of the interval [O,t]:

0= 00 < 81< ...< 0.g,

so that x(t) is differentiable on each interval (t oi,&) , to have
the differential x' (t) integrable on [ - c ], and each point
have finite limits and a value equal to the semi-sum of the lateral
limits, the exit value y(t) is given by the relation

yQ) = [z(e, +) - r(ex -fla(l - Ok) + G(t - O)i'(0) d 0, 8 > 0,
6-9

where

-a( - O)X'(O)dO a ( -- O)x () d O.

If, furthermore, a(t) is differentiable on (O,t] and has the
differential a'(t) integrable on [0,t], we have

#/(I) -: el1.~ , (1. I~ x ] f 1 ,(0 )xIft-) ( Il - >) 0(~ .

2. The group systems with index functions of exponential-poly-
nomial type

This group, called from now on the group of the systems of EP
type, is characterized by the property of decomposibility of each
system A with an index function a(t), in two sub-systems B and C
connected in parallel (fig. 2), the first with an index function
b(t) of polynomial type:

10,5h ,1=0

b(t) -- (2)
Fb,,,-, 14- 4, 1 > n,

and the second with an index function c(t) of "exponential" type,

lint" .'r ' (1) 0 (r, p 0, 1, 2, - -.),- _ ---

- 3 --
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differentiable an unlimited number of times on each interval (tK-/,
t ), where O=to<ti< ... /tn -a and having in each point t* a
value equal to the semi-sum of the lateral limits, and its lateral
limits and those of the differential finite.

c~t), im Cc Ye

Fig. 2. - Decomposibility of an EP type system according to
the index function

The operation of decomposibility can be easily effectuated,
based on the relations presented below, in the order of their
writing:

1 - o J,1

b(I) - b -
noo~

e(P) ,() -- !h(I).

3. The determination of the frequency functions from the index
function

Let us assume that at the entry of the system A we apply a
signal which contains the sinusoidal component:

A sin (.a -+ ,).

With the help of the relation (1') we can find the answers of
the sub-systems B and C corresponding to this entry sinusoidal
component: rn- *. (-1)_gra-.-

- --. 4 ( - i) !b., , +- +
is ~a-1 tw-i-kT_

S(m - i)! b.., (m - i)w
to 2-

A 4 (a-i-be-, sin--
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=A ,4iu pc(10 -r Aw L 0~)ci [,.t - 8) + IdO 8

.- A.in ci(s) +r Aow siD(wlb l O)d n w.8d +
.0.

4Ab eUMqwl + 9) 'c() cotsaOde.

Taking into consideration the relation (3), the limits below,
liran c(8)s.nin Bd8 = c(6) inaaOd6,

Irn C(O) ('o4 W is C(O) eoa Wo0dO,
i 0, 0) S 0

exist and are finite. In consequence, in a permanent regime, the
exit signal of the system contains the sinusoidal component:

At v' si e)- ew w 0 d.' O0'u eO s(w t -+-qP),

based on which there are defined the real frequency functions:

(- - W-)' '. (m -)7
wee- -2 +w e(O)Pin odO, (5)

(m-i)!b3 .4. (m-)lt -*-W si- + 0 em )cos dO, (6
i. 2

and the complex frequency function:

PUN) - U(. +)JV() - E ( " -+ !b.., d.

From the expression of the sinusoidal component of the exit
signal y#(t) in a permanent regime, we obtain the frequency func-
tions of the sub-system B:

-- "



Us 0+) = ( "  i): b,_,Cox (M" - 7) .9s
Us ,. (0) m  

2

F,(j) = 2(1o

'-.. B ~ ,)"-

and from the expression of the sinusoidal component of the exit

signal yc (t) in a permanent regime, we obtain the frequency func-
tions of the sub-system C:

tU¢Co C o+S (O)A wed t 90 d0, 1l)

Vc(w) = w c() cox (ad, (0)

Fc UW) = jwd e'(O) e - *6 d e. (13)

Observations
a) Starting from the index function of the system A:

we find for the transfer function the following expression:

' ( se - ! b. W

1: * , -0 ' eI -. 1

The relation (7) proves that in the EP type system the complex
frequency function can be obtained directly from the transfer func-
tion by replacing the complex variable s with an imaginary variable

b) The complex frequency function F(joA) of an EP type system
can be well defined, as being the ratio between the representation
in the complex Y(t) of the sinusoidal component y(t) at the exit
of the system (in a permanent regime) and the representation in the
complex X(t) of the sinusoidal component x(t) from the entry. True,

-6-



X (t) = 4 eA'+,

Y~~~1)~ A ()&V~) 4 ~ i( &a+ ej Aei"'*9 D [(() j a)I

and thus
Y(1)(t)- U(W) + jV(W) =F(j), (14)X(t)

4. Decomposibility of the EP type systems after the frequency
functions

Taking into consideration the relations (7), (10) and (13),
the decomposition of a system A with a complex frequency function
F(jC) in the two sub-systems B and C, takes place with the help
of the relations:

ba = -- lim (jm) F (j&),
in! .- o

1 (( -lim [U600-' F(j ) - .- ( ) ,_, 1=1,2, , m,b= ( -- i ! .- 0k -9 2-- ' .. " "

a(its - i) ! b.-,

'( ") (ja) - F (jw).

Also, taking into consideration (5), (6), (8), (9), (11) and
(12), the decomposition relations after the real frequency func-
tions U(O) and V((A), are the following:

..

(-t 2 _ lir a , E"r(W), 0 =even

__ _ lira W V(OW), m = odd

-7-



________ fib I ''W (in Cos... rn

-eI ven

lrn v(CO) - 2 snJ
(M -i)5 1-0

M -, =
odd

- m-i)7

(_ )2  
- (m -i)b 1. (.- l) ____ (___ )(~b- -- --i)= -

(()) V(w)

Starting from the fact that the frequency functions of the expo-
nential-parabolic systems are defined by the expression:

1)(t) = .4 2b? b * (- )!b1 _,,i ( i) . d5

which expresses the value in a permanent regime, of the exit signal
in the system, when at the entry there is applied a sinusoidal
signal x - A sin(GW t +-P ), we easily grasp the methodology of deter-
mining experimentally the frequency functions of the systems of
this type (fig. 3).

We adjust until the exit signal yoscillates around a constant
value, and then his adjusted until this constant value becomes
zero. The values found for the coefficients b, and V2 are inde-
pendent of the frequency of the entry signal.

-8-



B sIsEP Mftap ep.

A va1ee) (- A,' k, t L
D

Translation Note: A - Generator of sinusoidal signal
B - EP type system
C - Adjustable model
D - Recorder

Fig. 3. - Diagram of experimental determination of the fre-
quency function in the systems with exponential-
parabolic index function (m=2)

The frequency functions are determined for the various values
of ) , with the aid of the relations:

UC) b2 - + AA)Cos 0(w4, (W2
"  A

= + .. (W) Kin O(w,), (17)
A

+ +
= . + + _ e,". (

-9-



In the case when the component b(t) of the index function is
represented by a polynomial of a higher grade, m 2 2, the coeffi-
cients of this polynomial can be determined experimentally with
the aid of a diagram based on the relations of decomposibility.

6. Some properties of the frequency functions

a) From the relations (5) and (6) we find the frequency
function is not influenced by the components b t'? i - odd, of the
index function, and the frequency function V(0 ) is not influenced
by the components b t' i - even, of the same function. Thus,U(a )
does not contain the information regarding the simple integral
character, triple integral, etc., of the system, and V( ) does
not contain information regarding the proportional character,
double integral, etc., of the system. Hereby we have the conclu-
sion that the frequency functions U('c ) and V(c.;), taken separately
do not ensure the complete characterization of an EP type system
(of its index function). In the following paragraph we will see
that both U(,,;) and V(C4) permit the complete determination of the
index function c(t), and the complex frequency function F(jC4 ),
through its two components U(6C) and V(Lv ), it enables the complete
determination of the index function a(t) in the group of EP type

systems.

Fig. 4. - The group of index Fig. 5. - The group of index
exponential-linear functions, exponential-linear functions
characterized by the same characterized by the same
frequency function U(W). frequency function V(o ).

b) Based on the relations (3), (10) and (13), we find that

- 0 -



the frequency functions are differentiable an unlimited number of

times in relation to 6) on the interval (0,00) [2], and

d(-ea r>O, (19)

from here results

-im d = -re- -'2(2)dO, (20)

and from here

Jim _'U C_ 1 -1 ) r e0- (e)t 0. r = e v e n
0 (21)

0 r odd

0 . r . even
imd'Vc(w )
rdV(r M (22)(--l)Tr -),'e(O)dO, r odd

Also from the relation (13) we obtain

,[" [ ].F O" c(i) - [ '-0 ] dO, r O, (23)
d 

e

from where it results

ir -m -- = e-J - - O"c(O) dO, (

and from here

lra-"[U ) r even,
urn dd e,j(-l)-i- 0e(0)dO, r = odd,

- 11 -



d ~ ~ I "(9)OW, r= even,
dcr.0 

r odd,

C) Following the integration in parts, the relation (7)
becomes:

,.o- (i,.)' +,o[& ) 't')!°;

&(O~e'~dO, (7
k-L

from where, by repeated differentiations, we obtain

d' '(] ) ~ ( +--i r- 1)! (m- i) b,,-
dY" (,)M- &+ e ."

+ Y& [C(t,.)-,.(L,_Jtt. '(+'))+ (2)

+ O'e'(~e d, r, i.

If the index function c(t) is continuous on (0,,10), direct [2]
or by the effectuation of a new integration in parts, from the
relations (27) and (28) it results

lim F(jw) = h, - -'O-) = ,(O+), (29)

lim d'r(j)) = 0, r >1. (30)

Following the successive integration in parts, from the relation
(13) results

f-I

= 5~o FCj' ) + Fr" (i's). (31)
I-0

-12-



where

F c ( j w~ ) e l l e 11( 
3

• • 1 --

Since

d1' P.r(j )

• k - I _ I
-r I1P(q + + )!C -e.A

direct [2], or by a new integration in parts, we obtain

lim (09q' r FC Jf) 0. q > 0, r > 0. (35)
W.Q (i'

d) From the relations (5) and (6), we find immediately that
the frequency function U(Al) is even, and the frequency function
V(r4) is odd:

tr'(l) F( - ),(36)

- - - - ( - - ) . (3 7 )

e) If the index functions of the two systems A, and A7 are
connected by the relation

then, from (7), it results that the complex frequency functions
of the systems satisfy the relation

, UW) = ,'... ( - .'(3tt)

In consequence, at an "expansion" ("contraction") of the index
function, there is a "contraction" ("expansion") of the frequency
function.

- 13 -



7. Determination of the index function from the frequency
functions

The index function c(t) can be represented on the interval
(0,..) by the two real Fourier integrals:

C'(8) -2 si d () din (00d =

-- eo dw e(O) eos8 OdO, (40)

from where, based on the relations (11) and (12) it results

2. UC -(- , dId, t > O, (41)

CM 2 VC(W) cos oadb, t>o, (42)

and from here

b.., t + b1 , a-' + 2 * Vc(d,) d >0. (43)bisi 1..- ,-, cnw d b . (4

Taking into consideration that Uc (t) is even and V, (ea) is
odd, the relations (41) and (42) permit the expression of the
component c(t) of the index function in relation to the complex
frequency function F4(j), in the following two forms:

c(t) CC(j4*) e - 5 e"' da. (45)

In conformity with the relations (41) and (42), c(t) can be
determined either in function of the frequency U&(&4 ) or of the
Vt, (C4)

- 14 -



Since U(9) can be obtained from U(W) and V,:("), it results
that c(t) can be determined either from the frequency function U(.z
or from V( ).

From the relations (43), (44) and of the decomposibility of the
EP type systems after the frequency functions, it results that in
order to determine the index function a(t) we must know either U(z )
and its behaviour around the value &; =0 of the function V(,W)(or
VAV( ), or V(W ) and its behaviour around the value . -0 of the
function U(4 ) (or U,3 G )).

8. Parseval theorem

Using in turn the relations (41) and (11), we have

c(t) ill Uj*)qILsin cako)

2 aU,.(CO C- r d) 1
72 ~ d CIa~(t)AjiO W1 (it=- ia.

Similarly, based on the relations (42) and (12) we obtain

2~~d = [U(c) 12,
o~ o J

and from here

J'Z(2) it 2 r -- ( |m -

-, 2.- ,2 ,) . .... d . (46)

9. Integral correlations between the real frequency functions

From (11) and (41), respectively (12) and (42), we obtain the
following relations of dependence between L;j(Av) and V (C4

m"2 ill (.)I (It c ., (17)

(.3 : so hitsIlI ~ -15



co a 41lt) 14

10. The recognition of some EP type systems according to the
frequenmcy functions

From the properties of the frequency functions deduced from the
paragraph 6, there are obvious the following conditions necessary
for a real frequency function U(f'a) to characterize an EP type
system:

a) The values of the coefficients b,,8,(m - i - 0, 2, 4,...),
resultant from the relations of decomposibility of U(O), to be
finite;

b) U(-A;) must be an unlimited number of times differentiable
on (0,oo);

C) 0, 2.' 4. ~±1-

where (pi -- Is is 1 )7

d) for any q,;l:

-0

where

VAI , (o toll ) 0 o . .

and

-16-



Further on we will show that these conditions are also suffi-
cient for U(Q ) to be the real frequency function of an EP type
system, that is to exist an index function a(t) of the polyno-
mial-exponential type, to which it corresponds the real frequency
function U(Q1).

For this we will prove that:

- the function

satisfies the relations

Iilht 'P"t (1) c-Oo r, p 0.O,, 2.

is differentiable an unlImicednumber of times on the interval
(t-I ,t, ), where k=l,2,...n-l and t, - oc , has in every point tK
a value equal to the semi-sum of its lateral limits and its lateral
limits and those of its differentials are finite;

- the system with the index function:

r I -0 W

has U(O ) as a real frequency function.

Performing successive integrations in parts and taking into
consideration the properties b), c), and d), the function c(t) is
brought to the form:

= 1 j cr[i. min" "I (r + oo () , 4

from where it results

lii r #It) = 0.

Further the function c(t) is decomposed in two components:

(= 2 (I r(' ]*") in r L00l0.j+1- . -I , .11 + da, ({.0)

- 17-



- in b + 1 dc. (01)
Ji L 1 2 J

For cj(t) we find

2ll (S ( -I) E 'C(r + p -

+ (r 4 i -- 7r d+ - d()(3 2)

from where it results

Taking into consideration the property d), the function c2 (t)
can be written as follows:

q-I~~~~e (t) = 1 , (- ( ..*1) t:;

I-'0

where

7d sil l ! li

1 - W4

- - (' + Yrmin Wt i (- 1) t

" - 1)- C 1 l! - --

k- 18 -
. . . . . . . .. 2 l I



X jI 'k'in r - 2
d0 -

~ j~i.~U.-i.I [ *~* 2 1)7C
as..,-a - -'* 04,tI0

We have

lair t'e,'t. ) = 0,

and so much more:

Iimn r ev" (8) - 0.

For q7p + 2, there is the equality

which enables us to write the relation

ri) 2 1 (-) (P - p ~ -i) t'(~ do4.I

x t (r 4- + -,

from where it results

-19-



and taking into consideration the previous results,

lim it' c''P (8) = 0.

For r + 1 - 0, the function c.1(t) is an unlimited number of
times differentiable on (0," ), c-.i(t) is differentiable on the same
interval at least (q - 2) times (q - arbitrarily chosen), and

+o Ln. +2) in w

CIO(,) 2 con + 2 . (57)

For 1 = 0, we obtain

e (t) = ~a, t - +,) - Si(t - t,) - S.(t - t,)], (58)

where by H(t-tK) we marked the Heaviside function:

HO 0, if

t>t.

In the points t K , k70, the function c (t) has a value equal
to the semi-sum of its lateral limits, and the functions c'&(t),
1i70, are continuous.

For each interval (tO.I,tx), the functions c2z(t) are differen-
tiable an unlimited number of times, and in the points t. the late-
ral limits of their differentials are finite:

(at, + si l (a+ Pit)
" 'S (h I+ aiki, p < I,

i- b [l " - T lilt( -t8,) -

= - Si (t + t) - Si (I 1 =)

P1 it) J P-Jit .it

. I t -+ (59)

- 20-



In addition,

At last, taking into consideration the relation (5), the sys-
tem with the index function a(t) accepts the following real fre-
quency function:

.M ( _ - i ) 79 +l*(ab) - . -i',_ £o -+

i-@ ( *1 -

00 J'

and since can be represented by a Fourier integral:

it results

**( (m -i)b._,4 o (Il- i) - U,.( ) = ()

Similarly, we can present and demonstrate each theorem which
can express the necessary and sufficient conditions in order that
a real frequency function V(6a), respectively a complex frequency
function F(jwi) to characterize an EP type system.

11. Series connection

We will show that by connecting in series two systems Af and AZ
of EP type, with complex frequency functions F1 (jO ) and F=_(jO.),
we obtain a system A, also of EP type, with the frequency function:

F(ji) = F,(jw) .F,(jw). (61)

Based on the properties of decomposibility of the EP type sys-
tems, the series connection of the two systems can be represented
in the form given in the figure 6.

-21-



If the regime is stationary, characterized by the null initial
conditions and it is applied at t=0 an entry signal x(t) of unita-
ry step type, we obtain at the exits of the systems A4 and A the
index functions of these systems:

Yfs Mt M it,

//(
NO~t W ().

IY ,Y
YVi

Fig. 6. - EP type systems in series connection

Attaching the index 1 to the values which characterize the sys-
tem A., , and the index 2 to the values which characterize the sys-
tem A%. based on the convolution relations, respectively (1), (1'),
(1") and (1"'), for t 0, we have:

t-OiJ,;tr (~77" m-d 1

(si

.. , ' ,, - ') .,-- ' O),O, (O4)2

,j - 22 -



and for t=O: + h

From these relations we obtain the following expressions for
the polynomial component b (t) and the "exponential" component c (t),
which make up the index function a(t) of the resultant system A:

where:

6.-I m

k-O

Sr8 -k) Ik- b2m..67)

C()=bj0c2 1) + b~, 1 ) -.. -20d

- (in, - (I b2 9)U-o.. (t (O)dO +i

+~ (c1(Oa +) - 1081, -)IJC,( - el) +~ elk~ e21-ec()I.~
0 A E I S1,tk - 1 0IOC

In order to find out the frequency function of the resultant
system A, we assume that a sinusoidal signal x(t) =Asin(cOt-+ T)
is applied at the entry of the system. Using the complex represen-
tation of the sinusoidal values and taking into consideration the
relation (14), in a permanent regime, the sinusoidal components
of the exit signals from the systems A, and A,.are written as
follows:

-23 -



Ut =)' L() 1 t)X~)

resulting the frequency functions of the system A:

I'(j,.) = F,(jW)F 2(j(),

A( = ,( (0)V,(c)+ V(,)U(.

12. The connection with reaction

Let us assume that the system A, formed of the systems A. and
A:, by a connection with reaction (fig. 7), is of EP type, and
that a sinusoidal signal x(t) = A sin(4 t +f ) is applied at the
entry of the system.

Fig. 7. - Systems in Y A )
connection with 000)
reaction

Using the complex representation of the sinusoidal values and
taking into account the relation (14), in a permanent regime, we
have

Y(t) = F(jw)X(t),

and from here

Y,(t) = F2(j)Y(t) = F,(j,)F(jw VX(t),

Y,(t) = X(t) - Y2(t) = [1 - F.(j,)F(jc)].(I).

Y(t) = F,(jc,)YI (t) = F, (jt)[l - F2(jw)F(ja)]X(y).

From the two expressions of the sinusoidal component I (t) of
the exit signal from the system A, it results
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F -jw FI(jw)
1 - F1(jw)F 2(j&)

±, [ tIJz( ) -~')- V1( ) 1.((&D?1+ Ci ? t ?[ I ( C.?I( ( }--l' ( 7
2 (Ci) ,

- [1-,- U1l( lU2(ct)- V1()l'(b)]
2 t- [ ftll)'140) - ,(ol: ) 2 (6W

-U()[ U1 m ) t'2( )+ i'1(c)U('i)]4- t1(w)[1 i Ug(wi'( '}~- U',(w) I72()] (
" [I + U I (W) 2 (_) -V,(( ,V) 12(()]2+ [U ( o |()- I'( o) ' W 200 __ J2.

In order that that the resultant system A is of EP type, it
is necessary that the real frequency functions 

U(6 ) and V( ) 4
given by the relations (69) satisfy the necessary and sufficient
conditions so that every one of them is able to characterize an
EP type system, and the index functions of these systems have
identical "exponential" components, that is

... ."( w) sill o, l , w -- . . . , ( I oi ,.

It would be interesting to establish under which conditions
this theorem also ensures the sufficiency; up to now, the author
has not found a counter-example to confirm it.

OBSERVATIONS

a) If the resultant system A is stable, and the real frequency
functions U(W ) and V(Ca ) given by the relations (69) satisfy the
necessary and sufficient conditions so that every one of them is
able to characterize an EP type system, then the system A is of
EP type.

b) Let us assume that the system formed by connecting the
systems A, and Ax is described by the differential equations with
delayed concentrations [9]. In conformity with the Nyquist cri-
terion, for the resultant system A to be stable, it is necessary
and sufficient that the hodograph of the function F4 (ja)) F.(je)
not intersect the real axis in the interval (-aO, -1].
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